Higher-order topological phases of matter have been extensively studied in various areas of physics with new topological phases emerging. While the Aubry-André-Harper model provides a paradigmatic example to study topological phases, it has not been explored whether a generalized AubryAndré-Harper model can exhibit a higher-order topological phenomenon. Here, we construct a two-dimensional higher-order topological insulator with chiral symmetry based on the Aubry-André-Harper model. We find the coexistence of zero-energy and nonzero energy corner-localized modes. The former is protected by the quantized quadrupole moment, while the latter by the first Chern number of the Wannier band. The nonzero energy mode can also be viewed as the consequence of a Chern insulator localized on a surface. We finally propose an experimental scheme to realize our model in electric circuits. Our study opens a door to further study higher-order topological phases based on the Aubry-André-Harper model.
Recently, topological phases of matter have made a substantial progress due to the discovery of higher-order topological insulators (HOTIs). In stark contrast to the traditional first-order topological insulator, the HOTIs possess (n − m)-dimensional edge states with m ≥ 2 for a n-dimensional system. To date, there have been extensive studies of HOTIs from various fields of physics and several predicted topological phases have been experimentally observed [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . Two typical HOTIs include the two-dimensional (2D) quadrupole topological insulators with zero-energy corner-localized states characterized by the quantized quadrupole moment [1, 7] and the three-dimensional (3D) second-order topological insulators with nonzero energy chiral hinge states characterized by the Chern number of the Wannier bands [10] . However, whether a system can host both the zero-energy corner modes and the nonzero energy chiral modes is still elusive.
The Aubry-André-Harper (AAH) model [50, 51] , a one-dimensional (1D) system with on-site cosinusoidal modulations, plays a crucial role in studying the Anderson localization and quasicrystals [52] [53] [54] [55] [56] [57] . Recently, it has been found that such a model can also exhibit topological properties [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] . For instance, the model can be mapped to a 2D quantum Hall insulator that hosts nonzero energy topological edge modes characterized by the first Chern number [58] [59] [60] . This model has been further generalized to an off-diagonal AAH model with cosinusoidal modulations in the hopping terms [61, 67] , supporting topologically protected zero-energy modes. Such a model can also support the coexistence of the topological zero-energy and nonzero energy modes [61] . It is natural to ask whether we can construct a higher-order topological system based on the 1D AAH model so that the coexistence of these two topological phenomena can be observed.
In this paper, we construct a 2D AAH lattice model using the 1D commensurate off-diagonal AAH models. By tuning the modulations in the hopping amplitudes, we can achieve HOTIs with zero-energy corner states characterized by the quantized quadrupole moment. Most importantly, the system also hosts non-zero energy topological corner modes, which are characterized by the Chern number of the boundary bands and the Chern number of the Wannier bands. After transforming the system into a 3D lattice model, these corner states correspond to the chiral hinge states, which arise from the existence of Chern bands on the surfaces. This essentially distinguishes the model from the HOTIs studied previously, thus providing a new platform for realizing and detecting the exotic properties of 2D as well as 3D HOTIs. Finally, we propose an experimental scheme by employing electric circuits to simulate and detect the predicted features of such 2D AAH models.
Model Hamiltonian.-We start by considering the following 2D lattice model [see Fig. 1 (a) for a schematic]
where c † i,j (c i,j ) represents the creation (annihilation) operator for a spinless particle at site (i, j). The hopping amplitudes along the x and y directions are respectively modulated as
where α x = p x /q x , α y = p y /q y with p x and q x (p y and q y ) being mutually prime positive integers, t x (t y ) is the hopping strength between the nearest-neighboring lattice sites along the x (y) direction, λ x and λ y are the amplitudes of the modulations whose periods are determined by α x and α y . Without loss of generality, we set t x = t y = t and φ x = φ y = φ. The 2D lattice is actually composed by 1D commensurate off-diagonal AAH models. If α x = α y = 1/2, the system exhibits zeroenergy corner modes with quantized electric quadrupole moment, similar to the model in [1] . With periodic boundary conditions in both directions, we can write the Hamiltonian in Eq.(1) in the momentum space, which turns out to be [68] 
where
is the Hamiltonian of the 1D AAH model along the i direction with k i ∈ [0, 2π). Such a 1D Hamiltonian is a q i × q i matrix, which, when q i is even, has the chiral symmetry represented by a
is an identity matrix of size q x . Clearly, the 2D Hamiltonian has the chiral symmetry, ΠHΠ † = −H with Π = Π x ⊗ Π y . For the 1D AAH model with q i > 2, we can obtain chiral edge modes by tuning the parameter φ, which leads to the topological Chern bands. Now we will explore whether the 2D lattice composed by such 1D AAH models give rise to new features to the HOTIs.
Case α x = 1/2 and α y = 1/4.-We first consider the model with α x = 1/2 and α y = 1/4. , we can observe zero-energy modes in the gap marked by the blue lines. They are four-fold degenerate and localized at the four corners of the 2D lattice, as illustrated in Fig. 1(e) . The topological zero-energy corner states signify the existence of quadrupole moments in the system. To prove this, we have numerically calculated the quadrupole moment of the model as a function of φ based on the following formula [69, 70] q xy = e 2π Im log detU,
where U nm = u n |e i2πxy/(LxLy) |u m with |u m being the mth occupied eigenstate and L x (L y ) being the length of our system in the x (y) direction relative to unit cells. We perform our calculation under periodic boundary conditions. Due to the chiral symmetry, the quadrupole moments are quantized to 0 or e/2 modulo one.
In Fig. 1(d) , we present the quadrupole moment with respect to φ, showing that the quadrupole moments are equal to e/2 in the parameter regimes where the zero-energy corner states emerge. This implies that the zero-energy states are characterized by the quantized quadrupole moment. We can also understand the underlying reason for the presence of the corner states as follows [68] . Let us make the Hamiltonian continuous in real space by H(k x → −i∂ x , k y → −i∂ y ) and consider a semi-infinite system. Suppose that |u i0 is the zeroenergy state for H i (−i∂ i ) (i = x, y). Then |u x0 ⊗ |u y0 is the zero-energy state for H(−i∂ Fig. 1(d) .
It has already be known that the quadrupole moment can change due to the bulk or edge energy gap closure [1, 37] . In our system, at φ = ±π/2, the change arises from the y-normal edge energy gap closure, and at φ = ±π/4, from the x-normal edge energy gap closure. The former (latter) gap closure also leads to the gap closure for the Wannier band ν y (ν x ) [see Fig. 1 (g) and (h), respectively]. As a consequence, the edge polarizations along both directions p (1) is respected and thus it is the type-I quadrupole topological insulator [37] .
So far the topological features discussed are not different from the models studied before. However, the most interesting property of our model comes from the following observation. Apart from the zero-energy corner modes, we can also observe chiral modes with non-zero energies in the spectrum, as shown by the red lines in Fig. 1(b) . These modes are also localized at the corners and they connect the bands in the bulk gaps, which are actually boundary bands with states localized at the two boundaries perpendicular to the x direction, see Fig. 1(f) . To check this, we roll the lattice along the y direction but keep it open along the x direction. By calculating the energy spectrum of the system, we obtain the boundary bands, as shown in Fig. 1(c) . The energy spectra between − π 2 < φ < π 2 are gapped from the bulk bands, which are also observed in the spectra shown in Fig. 1(b) . These bands are two-fold degenerate with the states localized either at the right or the left edge. The chiral modes connecting these boundary bands are characterized by the Chern number defined in the (k y , φ) space as
where Ω n = i( ∂ ky Ψ n |∂ φ Ψ n − k y ↔ φ) with |Ψ n being the states in the boundary band extracted from the energy spectrum for a system with periodic boundaries along the y direction. We find C = −2 for the lowest band in Fig. 1(c) due to the degeneracies, with each boundary band localized at one of the two edges contributing a Chern number of −1.
If we take φ as the momentum k z along the z dimension, then our model describes a 3D HOTI. In a geometry with open boundaries along x, since the surface bands contribute a quantized Chern number, the system exhibits a surface Chern insulator, leading to the chiral hinge modes. The existence of the Chern band on the surface distinguishes this model from the previously studied 3D HOTIs and thus provides a new mechanism and platform to realize HOTIs.
The chiral corner modes are rooted in the topological properties of bulk energy bands. To illustrate this, we calculate the Chern number of the Wannier bands, which are obtained based on the lowest two degenerate occupied bands (see the Supplementary Materials for details [71]), and find that the Chern number is one, which is consistent with the existence of one chiral mode at each corner. Since this topological invariant is calculated using the wavefunctions under periodic boundary conditions, it shows that the topological chiral modes arise from the topological properties of bulk energy spectra.
Case α x = α y = 1/4.-We now investigate the case where the modulations have the same period in both directions. By choosing α x = α y = 1/4, we have 16 sites in each unit cell. In Fig. 2(a) ), which coincide with the regime for the emergence of zero-energy edge modes in the 1D AAH model. The zero-energy modes are four-fold degenerate corresponding to the corner states shown in Fig. 2(d) . Similar to the preceding case, the zero-energy corner modes are characterized by the quantized quadrupole moment, as shown in Fig. 2(b) . In this case, the quadrupole moment arises from the bulk energy gap closure [see Fig. 2(c)] , instead of the edge gap closure. These topological quadrupole insulators are also type-I since p edge x = p edge y = e/2. In addition to the zero-energy corner modes, we also find the nonzero energy chiral modes inside the gaps of the energy spectrum. One group of chiral modes in the bulk gaps are boundary bands with states localized at the edges. They are characterized by the Chern number computed in the (k y , φ) or (k x , φ) space using Eq.(4) for each k x or k y , which are denoted by the red numbers in Fig. 2(c) . The other chiral modes, which are marked by the red lines in Fig. 2(a) ), connect different boundary bands and are localized at the corners. However, since the boundary bands are chiral and not well separated, the Chern number for these bands are not well defined. Similarly, we can transform the model into a 3D HOTI, where the chiral corner states become the hinge states localized at the hinges along the z direction.
Experimental realization.-Here we propose an experimental scheme to realize and detect the topological corner states in the 2D AAH model by employing the electric circuits. The quadrupole topological insulators with zero-energy corner modes have already been observed in electric circuits which are comprised of capacitors and inductors [41] . Similar method can be used to model the 2D lattice model investigated in this paper by constructing a 2D electric circuit as shown in Fig. 3 . The lattice sites are simulated by the circuit nodes, which are indicated by the red indices. The connection between the neighboring nodes through inductors or capacitors can imitates the hopping between the lattice site. If the hopping is negative (positive), then the two nodes are connected by an inductor (a capacitor). For a specific node (m, n), we set the impedance of the device as 1/Z xm = it[1 + λ x cos(2πα x m + φ x )] and 1/Z yn = it[1 + λ y cos(2πα y n + φ y )] (here i refers to the imaginary unit). Since we only have hopping terms in the Hamiltonian, we need to eliminate the onsite terms, which is achieved by grounding every nodes through a capacitor (inductor) with appropriate impedance 1/Z m,n = −(1/Z xm + 1/Z x,m−1 + 1/Z yn + 1/Z y,n−1 ).
According to the Kirchhoff's law, the relation between the current and voltage vectors is expressed as I = JV , where J is the Laplacian of the circuit, I is the column vector consisting of the external current flowing into each node, and V the column vector consisting of the voltage at each node. Our Hamiltonian can be simulated by the Laplacian through J = iH. The quadrupole moment can be measured by probing the single-point impedances of the circuit [37] and the existence of the corner modes can be detected by measuring the resonance of two-point impedances near the corners [37, 41, 67] .
In summary, we have constructed a higher-order topological insulator model by using the commensurate offdiagonal AAH models. We find that by tuning the modulations in the hopping amplitudes, we can realize the HOTIs with zero-energy corner modes characterized by the quantized quadrupole moment. This model also exhibits non-zero energy topological corner modes, which are characterized by the Chern number of the boundary bands and the Chern number of the Wannier bands. If the model is transformed into a 3D HOTI model, the nonzero energy modes correspond to the chiral hinge modes, contributed by a Chern insulator on the surfaces. Finally, we propose a practical scheme to realize the 2D AAH model in electric circuits. This model provides a new platform for realizing and detecting the exotic properties of HOTIs, both in 2D and 3D.
This work is supported by the start-up fund from Tsinghua University, the National Thousand-Young-Talents Program and the National Natural Science Foundation of China (11974201).
